Abstract. The Wigner transform of an integral kernel on the full line generalizes the Fourier transform of a translation kernel. The eigenvalue spectra of Hermitian kernels are related to the topographic features of their Wigner transforms. Two kernels whose Wigner transforms are equivalent under the unimodular affine group have the same spectrum of eigenvalues and have eigenfunctions related by an explicit linear transformation. Any kernel whose Wigner transform has concentric ellipses as contour lines, yields an eigenvalue problem which may be solved exactly.
leads to a very detailed approximate description of the structure of K as a linear operator, through the use of a two-scale analysis [1] , [2] (this issue, pp. 356-377). The transformation (1.2) followed by (1.3) was used by Wigner [3] in another context (Wigner states that the transform was "found by L. Szilard and the present author some years ago for another purpose") and will be called the Wigner transformation, while K will be called the Wigner transform of K{x, y}, and the (p, q)-plane will be called the Wigner plane. By (1.2), if K{x, y} is Hermitian then K(u, q) undergoes complex conjugation if u is replaced by -u, and it follows from (1. Thus any real K, for which (1.5) is integrable in some sense, yields a Hermitian kernel.
In (1.1) we allow generalized functions which are equivalent to differential (or more generally pseudo-differential) operators, which still will yield a well-defined Wigner transform from (1.4); for example, if K represents a Sturm-Liouville operator, the two-scale analysis referred to gives the familiar results of the WKB procedure [1] .
In particular, the two-scale analysis of the Wigner transform yields a generic asymptotic result for the eigenvalues of kernels whose dependence upon (x + y)/2 is slow: Asymptotically a particular value of the Wigner transform, constant on a contour line which encloses an area (2n + 1)r on the Wigner plane, will be an eigenvalue of the kernel. Thus asymptotically An is an eigenvalue if the closed curve (referred to as a A-curve) (1.6) K(p, q) = An encloses area d (An)= (2n + 1)r.
Relation (1.6), which we term the "area rule", was demonstrated in [1] . Under wide circumstances the area rule remains valid if instead of slowness we consider n too; examples of this will be shown in the present paper.
Consider the following.mapping of the Wigner plane:
Such a transformation, which carries straight lines to straight lines and triangles to triangles with the same area, we will call unimodular affine. When a member of the unimodular affine group of transformations acts upon the arguments of a Wigner transform K(p, q), a new kernel transform results, K' = K'(p', q'), for which the area rule (1.6) yields the same spectrum of approximate eigenvalues. We will show that K' is the transform of a kernel which in fact has exactly the same eigenvalue spectrum as the kernel K. In addition the eigenfunctions of K and K' may be explicitly related. Under this same group, ellipses transform to ellipses. The special nature of elliptical A-curves is underlined by the following result, also proven here. If K(p, q) = A are a family of concentric ellipses then the eigenvalues and eigenfunctions are explicit. where if m $ n, 8mn = 0, and 8mm = 1. By (2.6), (2.8), the eigenvalue equation (2.5) has its counterpart for projection operators (2.11) KEn=AAnEn In (2.11) we may regard the argument "y" as a constant in En{x, y}, so that En as a function of x solves the eigenvalue equation (2.5).
3. The image of operator multiplication on the Wigner plane. The operator multiplication law (2.7) above implies a corresponding bilinear rule upon transformation to the Wigner plane:
AB=AOB, which may be evaluated by expressing A and B in (2.7) in terms of their Wigner transforms by (1.5) and then transforming the operator product by (1.4). The necessary algebra is simplified if we note that
and similarly for B(g), which reduces the job to evaluating the composition law for 8 (t -gA) 08 (t -gB). We easily calculate the area of any triangle, and in particular (3.5), is preserved. In addition, the Jacobian of the transformation (4.1) is unity. Thus if we write
and similarly for B, it follows that another kernel and another set of eigenfunctions but the same spectrum. Thus there are whole classes of operator kernels with identical eigenvalue spectra, whose Wigner transforms map to one another under unimodular affine transformation of the Wigner plane.
5. The unimodular affine action upon eigenfunctions. Evidently there is a relation between the eigenfunctions qfr (x) of a given kernel K, and the eigenfunctions qf4 (x') of the related kernel K'{x', y'} whose Wigner transform is obtained from K(g) by unimodular affine transformation on the Wigner plane. In the projective kernel E'{x', y'} of (2.6) we may regard y' as a fixed parameter, whence E' regarded as a function of x' is proportional to fr'(x'). Thus the transformation from +l(x) to f'(x') may be evaluated through explicit calculation of WE. En = 2(-)nLn(2(p2+q2)) exp Qp+q) where Ln is the Laguerre polynomial [4] of order n. Observe that the A-curves for (6.1) are concentric circles, (6.6) p2+q 2 = A.
In a more general vein we consider the Hermitian eigenvalue problem, Except for (6.8) there is no restriction on the constants of (6.7); the particular arrangement of coefficients is taken for convenience. In fact, the Wigner transform of the kernel corresponding to the operator in (6.7) leads to the A-curves (6.9) A(p -Po)2 + 2B(p -Po)(q -QO) + C(q -Qo)2 A.
Under the restriction (6.8), this is a family of concentric ellipses, centered at (PO, Qo). The quantum mechanical harmonic oscillator is just a special case of (6.7) or (6.9). Under the unimodular affine transformation ( ) ) ( -Po We can also explicitly represent the eigenfunctions of (6.7). Taking this in two stages, the translation portion of the transformation (6.10) is accounted for by expressing the eigenfunction corresponding to (6.13) as (see (5.3)) (6.14) f,n(x) = Pn(x-Qo) exp (-iPox). Then, from (5.5), (6.15) 
where the values of a, f3, y, a follow from The Tn are orthonormal by construction, a fact which is also obvious by inspection. We eliminate unnecessary constants by choosing w so that, instead of (6.17),
where in the last form we have substituted in terms of the original constants of (6.7) and (6.8).
These exact results find immediate application in approximately determining those eigenfunctions and eigenvalues, of a more general integral kernel, which arise from the presence of a summit or valley in its Wigner transform, which gives a leading dependence as in (6.9 ). This matter is discussed further in [2] .
The observation, after (5.7), that there is a natural sense in which the operator (-d2/dx22+x2) "generates" a rigid rotation (5.6) of the Wigner plane, has a natural generalization in the operator (6.7) which in the same sense generates on the Wigner plane a "flow" that is area preserving, carries straight lines to straight lines and has as invariant streamlines the conic sections (6.9). If D2 >0 then the flow is on ellipses and is similar, under a unimodular transformation, to a rigid rotation. If D2 = 0, the flow is along parabolas, and if D2 <0, the flow leaves invariant a set of hyperbolas given by (6.9). A related form of this operator was presented by Moyal [5] . On comparison with (3.6) we can also formally write, Thus (7.6) leads to Hermite functions, (6.3), for eigenfunctions; and eigenvalues given by (2n + 1)2 + 1. Further, it is clear that we can treat any polynomial in 2 by the same considerations, and thus that any polynomial in e2 corresponds to the Wigner transform of a differential operator which has {JX(x)} as eigenfunctions.
8. The case of concentric circular contour lines. If the Wigner transform of a linear operator is constant on contour lines which are similar ellipses, concentric about an arbitrary point and with principal axes at arbitrary inclination, the unimodular affine transformation (6.10) will carry that Wigner transform to one whose contours are concentric circles about t= 0. Thus, as suggested in ? 6, an exact solution to the eigenvalue problem for operators which yield concentric circular contours will also solve the eigenvalue problem for the wider class of operators just described. We will now develop the exact solution for any operator which yields concentric circular contours.
We begin with two generating function identities, of which the first defines the normalized Laguerre functions ?n:
Here 2n is related to the corresponding Laguerre polynomial Ln by We note that this is a special case of (2.1), as Thus any kernel K{x, y} whose Wigner transform is constant on concentric circles is an inverse transform of (8.8), and has eigenfunctions kn (x) as in (6.3) and eigenvalues given by (8.9). As special cases we observe: Equation (8.11) follows from the fact that a delta function has unit eigenvalue, (8.12) is a restatement of (6.1, 2) and (8.13) follows the example at the close of ? 7. (All three results also follow easily from the generating function (8.1).)
9. Comparison with area rule. For cases reducible to concentric circular A-curves, the area rule calculation of eigenvalues may be compared with the exact form for the eigenvalue (8.9 ). This we now discuss under the limit n t oo, but give up the requirement of a slow variation in the underlying operator.
An asymptotic analysis demonstrates that the Laguerre function Yn (8.2) has a peaking form when J = 0(n) [4] . We can avoid the details of such an asymptotic analysis with the observation that 
